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Abstract 

The orbit graph of a fc-orbit polytope is a graph on k nodes that shows how the flag 
orbits are related by flag adjacency. Using orbit graphs, we classify fc-orbit polytopes 
and determine when a /c-orbit polytope is i-transitive. We then provide an explicit 
classification of three-orbit polytopes, and we describe a generating set for their auto- 
morphism groups. 
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1 Introduction 

Abstract polytopes are combinatorial generalizations of convex polytopes, maps on surfaces, 
and tessellations of Euclidean and hyperbolic spaces. A polytope's automorphism group acts 
naturally on the flags of that polytope, and a k-orbit polytope is one where there are k flag 
orbits. The 1-orbit polytopes, usually called regular polytopes, are the most studied, and ^ 
is the standard reference. Chiral polytopes, an important subclass of the 2-orbit polytopes, 
have also been studied extensively, though many questions still remain unanswered (see [9] 
for a thorough survey). More recently, Hubard classifled and described the automorphism 
groups of the 2-orbit polytopes in |3j. A number of interesting results are also known for 
polytopes with no preassigned number of flag orbits; see [21 [6], [7] for some recent examples. 

In the general case of fc-orbit polytopes, very little is known. The edge-transitive 4-orbit 
polyhedra were studied in |i4j, and an algebraic classification of fc-orbit maps (which are 
essentially abstract polyhedra) is given in j8]. Hypermaps with multiple orbits were studied 
in [Ij. In higher rank, however, no systematic study of /c-orbit polytopes has been done. 

The key idea used to classify 2-orbit polytopes in |3] is to study the local configuration 
of fiags. That is, given a fiag in one orbit, we want to determine which nearby fiags are 
in which orbits. In this paper, we formalize this idea by introducing the orbit graph of a 
polytope. If "P is a fc-orbit n-polytope, its orbit graph is a multigraph on k nodes, without 
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loops, and where each arc is labeled with an integer from {0, . . . , n — 1}. Whenever an arc 
labeled i connects two nodes, this indicates that for any flag $ in either flag orbit, the flag 

(which differs from $ only in its i-face) lies in the other orbit. We can classify fc-orbit 
polytopes using their orbit graphs, and so we start in Section [3] by determining some of the 
necessary properties of an orbit graph. 

A number of other properties of V are apparent from G{V). Corollary 14.31 shows how 
we can determine the number of orbits T[V) has on the i-faces using a subgraph Gi{V) 
of G(V). Similarly, the graph Gi(V) is related to the orbit graphs of the z-faces of V, and 
Proposition U3] and Theorem 14. 71 explore this relation. In particular. Theorem 14 . 71 generalizes 
the well-known result that the {n — 2)-faces of a chiral polytope are always regular [10] . 

In general, there are many distinct orbit graphs for fc-orbit n-polytopes, making explicit 
analysis infeasible. When k = 3, however, there are only 2n — 3 different orbit graphs, divided 
into two families. In Section O we apply the results of the previous sections to three-orbit 
polytopes. We then provide a generating set for the automorphism group of each class of 
three-orbit polytope. 

2 Background 

For general background information on abstract polytopes, the reader is directed to [5|, Chs. 
2, 3]. Here we will review the essential concepts. 

Let V he a ranked partially ordered set whose elements will be called faces. The faces 
of V will range in rank from —1 to n, and a face of rank j is called a j-face. The 0-faces, 
1-faces, and (n — l)-faces are also called vertices, edges, and facets, respectively. A flag of V 
is a maximal chain. We say that two flags are adjacent if they differ in exactly one face, and 
that they are j -adjacent if they differ only in their j-face. If F and G are faces of V such 
that F < G, then the section G/F consists of those faces H such that F < H < G. 

We say that "P is an abstract) polytope of rank n, also called an n-polytope (or a polyhedron 
if = 3), if it satisfies the following four properties: 

(a) There is a unique greatest face F„ of rank n and a unique least face F_i of rank —1. 

(b) Each flag of V has n + 2 faces. 

(c) V is strongly flag- connected, meaning that if $ and are two flags of V, then there is 
a sequence of flags $ = $07 ^1, ■ ■ ■ = such that for i = 0, . . . , /c — 1, the flags $i 
and are adjacent, and each contains $ fl \1'. 

(d) (Diamond condition): Whenever F < G, where F is a (j — l)-face and G is a (j + l)-face 
for some j, then there are exactly two j-faces H with F < H < G. 

Note that due to the diamond condition, any flag $ has a unique j-adjacent flag (denoted 
$•') for each j = 0, 1, . . . , n — 1. Furthermore, ii \i — j\ > 2, then ^^'^ = 

If F is a j-face and G is a fc-face of a polytope with F < G, then the section G/F is a 
{k — j — l)-polytope itself. We can identify a face F with the section F/F^i, since if F is a 
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j-face, then F/F_i is a j-polytope. We call the section Fn/F the co-face at F; the co-face 
at a vertex is also called a vertex-figure. 

For polytopes V and Q, an isomorphism from P to Q is an incidence- and rank-preserving 
bijection on the set of faces. An isomorphism from V to itself is an automorphism of V, and 
the group of all automorphisms of V is denoted T{V). If if is an automorphism of V and 
$ is a flag of V, then ^^ip = so that the action of any automorphism is completely 

determined by the action on a single flag. 

There is a natural action of T{V) on the flags of V. In fact, this action is semiregular; 
that is, the only automorphism with any fixed points is the identity. As a result, the flag 
orbits of V all have the same size, and T{V) acts regularly on each orbit. If there are k flag 
orbits under the natural action of T{V), we say that P is a k-orbit polytope. If there is a 
single flag orbit, so that the action of r('P) is transitive on the flags, then we say that V is 
a regular polytope. 

2-orbit polytopes were classified in [3j as follows. If P is a 2-orbit n-polytope and the 
flags $ and are in the same orbit (for some i G {0, . . . ,n — 1}) then every flag lies in 
the same orbit as its i-adjacent flag Therefore, we can classify the 2-orbit polytopes by 
a proper subset I C {0, . . . ,n — 1}. We say that V is in class 2j if, for any flag the flags 
$ and are in the same orbit precisely when i G /. Thus, there are 2" — 1 classes of 2-orbit 
n-polytopes. We usually write 2j^^...^jj. rather than 2{j^_...^jj.}, so that in rank 3, the classes are 
denoted by 2, 2o, 2i, 22, 2o,i, 2o,2, and 2i^2- 2-orbit n-polytopes in class 2 are also called 
chiral polytopes (see [TO]). 

3 Orbit graphs 

In studying the structure of a /c-orbit polytope V, we are naturally led to the idea of studying 
the local flag conflguration of V. In other words, starting from a flag $, we want to determine 
which flags near $ are in which flag orbits. If \1/ is in the same orbit as $, then there is an 
automorphism if G T{V) such that = Then 

$V = {^cpY = 

so that and are also in the same orbit. As a result, there is a natural way to associate 
to V a. graph called the orbit graph of V, denoted G(V), as follows. The graph G{V) has k 
nodes, with each one corresponding to a flag orbit. An arc labeled i connects one node to 
another if, whenever $ is a flag in one of the corresponding orbits, then is a flag in the 
other orbit. In general, then, two nodes may be connected by multiple arcs. By convention, 
we omit all loops, which would occur when $ and lie in the same orbit. 

Since $ and \l/ are in the same orbit if and only if and are in the same orbit, each 
node of G{V) is incident on at most one arc with a given label. In other words, the arc labels 
yield a proper arc coloring of G{V). Furthermore, if V is an n-polytope, then each node of 
G{V) has degree n or less. 

We start by collecting some simple properties of orbit graphs. 
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Proposition 3.1. The orbit graph of a polytope is a connected graph. 

Proof. Since polytopes are flag-connected, it is possible to get from any flag to any other 
through a sequence of flag adjacencies. Therefore, any connected component of the orbit 
graph must contain all of the flags. Then since each flag is in a single orbit, the orbit graph 
must be connected. □ 

Note that if P is a 2-orbit n-polytope in class 2/, where / C {0, . . . , n — 1}, then the set 
of arc labels that appear in G(V) is {0, . . . , n — 1} \ /. Since I must be a proper subset of 
{0, . . . ,n — 1}, we see in another way that there is at least one arc connecting the nodes of 
GiV). 

Proposition 3.2. Suppose that V is a k-orbit n-polytope and that 0<i<j<n — 1 with 
i < j — 1. Then the subgraph of G{V) induced by the arcs with label i and j is a disjoint 
union of single edges, 2-cycles, and A-cycles. 

Proof. \{ i < j — 1, then $ = for any flag $. Therefore, starting from any node in 

and moving along arcs labeled i, j, i, and j (in that order), we must get back to where 
we started. The result follows. □ 

Proposition 13.21 puts many strong restrictions on the structure of G{V), as we shall see 
with the next several results. 

Proposition 3.3. If G{V) has no A-cycles, then it has no 3-cycles. 

Proof. Suppose G{V) has a 3-cycle. Then all three arcs of this cycle must have different 
labels, since the labels form a proper arc-coloring. In particular, if i is the smallest label 
appearing in the cycle and j is the largest, i < j — 1. Therefore, in the subgraph of G(V) 
induced by arcs with label i and j, these two arcs share one endpoint but not the other. Then 
Proposition 13.21 says that these arcs must be part of a 4-cycle, which proves the result. □ 

Corollary 3.4. If V is a three-orbit polytope, its orbit graph has no 3-cycles. 

Proposition 3.5. Let V be a k-orbit polytope with k > 3. Suppose that there are nodes u 
and V in G(V) such that removing all arcs between them disconnects G{V), and let i be one 
of the labels appearing on arcs between u and v. Then any arc that is incident to u or to v 
but not both has label i — 1 or z + 1. 

Proof. Let i be one of the labels appearing on arcs between u and v. Suppose that there 
is an arc that is incident on u and w ^ v, and that this arc is labeled j, with \j — i\ > 2. 
Then in the subgraph of G{V) induced by arcs with label i and j, the nodes u, v, and w 
all lie in the same connected component. Then by Proposition 13.21 there is a 4-cycle that 
contains u and v. But then u and v remain connected even if we remove all arcs between 
them, contradicting our assumption. The same argument works if we consider an arc that 
is incident on v and x ^ u, and the result follows. □ 
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Corollary 3.6. Let V be a k-orbit polytope with k > 3. Suppose that there are nodes u and 
V in G{V) such that removing all arcs between them disconnects G{V). Then 

(a) There are at most two arcs connecting u to v. 

(b) There are at most three arcs incident on u and at most three arcs incident on v. 

Proof. Since A; > 3 and G{V) is connected, there is some arc that is incident on one of the 
nodes u oi v but not the other. Without loss of generality, assume there is an arc labeled 
j that is incident on u and some other node w ^ v. Proposition 13.51 says that the only 
possible labels for arcs connecting u to v are j + 1 and j — 1, so there are at most two arcs 
connecting u to v. Furthermore, if there are two such arcs, then by Proposition 13. 5[ any 
other arc incident to u must have label j, and therefore the only arcs incident to u are the 
three we have mentioned. On the other hand, if there is only a single arc connecting m to f 
with the label i, then any other arc that is incident to u but not v has label i ± 1. Therefore, 
there are at most two arcs that are incident to u and not f , yielding three arcs total that 
are incident to u. The result then follows by symmetry. □ 

We have cut down considerably the number of possible orbit graphs, but many possi- 
bilities still remain, even for modest values of k and n. For example. Figure [T] shows the 
22 orbit graphs for 4-orbit polyhedra that satisfy all of the conditions in this section (and 
these correspond to the 22 classes of 4-orbit maps in p], Table 1]). We will see in Section O 
however, that the orbit graphs of three-orbit polytopes always fall into one of two families, 
making explicit analysis possible. 



4 Face transitivity 

An n-polytope V is said to be i-transitive if T{V) acts transitively on the set of i-faces of 
V, and fully transitive if it is i-transitive for each < i < n — 1. In [3J, Hubard proves that 
2-orbit n-polytopes in class 2i are fully transitive if |/| < n — 1, and they are i-transitive for 
i & I if \I\ = n — 1. The arguments she uses in Lemma 3 and Theorem 5 can be generalized 
to /c-orbit polytopes by using orbit graphs. Let us define Gi(V) to be the full subgraph of 
G(V) obtained by deleting all arcs with label i. 

Lemma 4.1. Let $ and \1' be flags of a k-orbit n-polytope V. If $ and ^ have the same 
i-face, then they lie in orbits in the same connected component of Gi{V). 

Proof. Let $ and \1' be flags with the same i-face F. By the strong flag-connectivity of 
polytopes, there is a sequence of flags 

$ = <l>o,$l,...,$m = ^ 

such that each $j is adjacent to ^j+i and such that each $j contains $ fl \E'. Since $ and 
both contain the i-face F, it follows that each flag $j contains that same i-face. Therefore, 
for each j, 7^ Then it follows that we can get from the orbit of $ to the orbit of 
in G{V) without using any arcs labeled i, and so these orbits must lie in the same connected 
component of Gi(V). □ 
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Figure 1: All possible orbit graphs for 4-orbit polyhedra 



As a result of Lemma [4.11 we can associate a single connected component of Gi{V) to 
each i-face of V. Furthermore, the connected components of GiiV) correspond to the orbits 
of the i-faces of V: 

Theorem 4.2. Let V he a k-orbit n-polytope, and let F and F' he i-faces ofV. Then there 
is an automorphism 7 G T{V) sending F to F' if and only if F and F' helong to (flags in) 
the same connected component of GiiV). 

Proof. First, suppose that such an automorphism 7 exists. Let $ be a flag with i-face F, 
and let \E' be a flag with i-face F' . Since 7 sends F to F', the flag $7 also has i-face F' . 
Then by Lemma |4]T1 the orbits of $7 and ^ lie in the same connected component of Gi{V). 
Furthermore, $ and $7 lie in the same orbit, since 7 is an automorphism, and thus $ and 
^ lie in the same connected component of Gi{V). 

Conversely, suppose that F and F' belong to (flags in) the same connected component of 
Gi{V). That is, suppose there is a flag $ with z-face F and a flag with i-ia.ce F' such that 
$ and ^ lie in the same connected component. That means that there is a path in Gi{V) 
from the orbit of $ to the orbit of \E', and this path induces a sequence of flags 



where each = $j for some t 7^ i, and such that lies in the same orbit as In 

particular, each $,+1 has the same «-face as and thus has i-face F. Now, since 
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$m is in the same orbit as there is an automorphism 7 that sends $m to and this 
automorphism must then send F to F'. □ 



Corollary 4.3. The number of orbits ofTiV) on the i-faces of V is equal to the number 
of connected components of Gi(V). In particular, V is i-transitive if and only if Gi{V) is 
connected. 

Using Corollary 14.31 and looking back at Figure [H we note that only the last two graphs 
correspond to fully transitive 4-orbit polyhedra. More generally, we note that the orbit graph 
of a fully transitive /c-orbit polytope must have at least k arcs; if there are only k — 1 arcs, 
then one of the subgraphs Gi{V) will have too few edges to remain connected. 

Theorem 14.21 says that the connected components of Gi{V) correspond to the different 
orbits of z-faces. It is natural to wonder whether the orbit graph of (the polytope corre- 
sponding to) an z-face is related to its corresponding connected component. We start with 
the following simple observation: 

Proposition 4.4. Let F be an i-face of the polytope V, let K, = F/F^i, and let G be the 

connected component of Gi{V) that contains flags with the face F. Then each orbit of IC is 
obtained by identifying one or more of the orbits that belong to G. In particular, JC has at 
most one flag orbit for each node of G . 

Proof. We start by noting that any flag $ of P that contains F naturally induces a flag $ 
of /C. Now, let $ and \Ef be flags that lie in the same orbit of V, and suppose that they both 
contain F. Now, since $ and \Ef lie in the same orbit, there is some automorphism 7 G T{V) 
such that $7 = \E'. Then 7 fixes F, and so it induces an automorphism 7 of /C such that 
$7 = \1'. Therefore, the induced flags $ and are in the same orbit. Thus, to each orbit O 
of V that contains flags with the face F, we can associate a single orbit O of IC. Since every 
flag that contains F is part of an orbit in G (by Lemma [4. ip . the result follows. □ 

Proposition 14.41 shows that each orbit of IC is obtained by identifying one or more orbits 
of V. In fact, this identification respects flag adjacency in the following sense: 

Theorem 4.5. Let F be an i-face of the polytope V, let IC = F/F_i, and let j < i — 1. 
Let Oi and O2 be flag orbits ofV that contain flags with i-face F , and let Oi and O2 be the 
induced flag orbits of IC. 

(a) // there is no arc labeled j incident on Oi in G{V), then there is no arc labeled j 
incident on Oi in G{IC). 

(b) If Oi 7^ O2 and Oi 7^ O2, and if Oi and O2 are connected by an arc labeled j in G(V), 
then Oi and O2 are connected by an arc labeled j in G{IC). 

(c) If Oi 7^ O2 and Oi = O2, and if Oi and O2 are connected by an arc labeled j in G(V), 
then there is no arc labeled j incident on Oi in G{IC). 
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Proof. Let \1/ be a flag of /C in Oi. Tlien tliere is a flag $ of P in Oi sucli tliat $ = tliat 
is, $ contains F, and $ and \1/ agree on all faces of rank i or less. Now, since j < i — 1, the 
flag also contains F, and so it induces a flag $^ of /C. Then 

= vl'-'. 

Therefore, if is in Oi, then \1'-' is in Oi, and if is in O2, then \E'-' is in O2. Now, if 
there is no arc labeled j incident on Oi, then is in Oi, is in Oi, and there is no arc 
labeled j incident on Oi (since we omit loops). On the other hand, if there is an arc labeled 
j connecting Oi to O2, then is in O2 and thus \E'-' is in O2. Therefore, if Oi 7^ O2, there is 
an arc labeled j that connects them in G(/C), and if Oi = O2, there is no arc labeled j that 
is incident on Oi (since, again, we omit loops). □ 

Corollary 4.6. Let V be a k-orbit polytope, let F be one of its i-faces, and let JC = F/F^i. 
If K, is a k-orbit polytope, then V is i-transitive and G{IC) is obtained from G{V) by deleting 
all arcs with label i or higher. 

Proof. If /C has k orbits, then the connected component C of Gi{V) that contains F must 
have at least k nodes. Since Gi{V) has only k nodes itself, it follows that G is the whole 
graph Gi(V). Therefore, Gi(V) is connected, and thus V is i-transitive, by Corollary 14.31 
Furthermore, Theorem 14.51 implies that, for each j < i — 1, the orbit graph G{)C) has all of 
the arcs labeled j that come from G{V). □ 

Let us look at an example to see how we can use Theorem 14.51 Suppose P is a three-orbit 
polyhedron with the following orbit graph. 

1 
o o o 

Now, G2{V) is the whole graph G{V), and so any facet F we choose will have the same 
connected component G = G(V). Let /C = If each orbit of V corresponds to a 

unique orbit of /C, then K, has 3 orbits, and Corollary 14.61 tells us that G'(/C) ~ G(V). 
Suppose instead that the first two orbits are identified to a single orbit O in /C. Then 
Theorem 14.51 says that O is not incident on any arcs labeled 1 or 2. Furthermore, since the 
first two orbits are connected by an arc labeled with 0, the orbit O is not incident on any 
arcs labeled in G(/C). Therefore, O is an isolated vertex of G(/C), and by Proposition 13. 
it follows that G(/C) consists of a single node. Therefore, /C is regular. 

Using similar arguments, we can show that identifying any other pair of orbits leads 
to the same conclusion. Therefore, the facets of V are either all regular or all three-orbit 
polytopes with the same orbit graph as V. 

Though Proposition 14.41 and Theorem 14.51 are quite useful, there are some phenomena 
they fail to explain. For example, the (n — 2)-faces of a chiral polytope are always regular, 
whereas all we can conclude from Proposition 14.41 is that the {n — 2)-faces are either regular 
or chiral. However, a slight modification of Theorem 14.51 can explain and generalize this 
property of chiral polytopes. 
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Theorem 4.7. Let F be an i-face of the polytope V, let K, = F/F_i, and let Oi and O2 

he distinct orbits of V that contain flags with the i-face F . Let Oi and O2 be the induced 
flag orbits of K. If Oi and O2 are connected by an arc labeled j in G{V), where j > i, then 

0[=0'2. 

Proof. Let $ be a flag in Oi that contains the z-face F, let j > i, and suppose that Oi and 
O2 are connected by an arc labeled j in G{V). Then also contains F and is in the orbit 
O2. Furthermore, since j > i, ^ and induce the same flag of /C; that is, $ = Since $ 
lies in Oi and lies in O2, it follows that Oi = O2. □ 

For example, let "P be a chiral n-polytope. Then G(V) consists of two nodes connected by 
n arcs, one for each label in {0, . . . ,n — 1}. Since there is an arc labeled n — 1, Theorem 14.71 
says that we must identify the two orbits in order to get an orbit diagram for any of the 
{n — 2)-faces, and thus the {n — 2)-faces are regular. 

5 Three-orbit polytopes 

In general, the classiflcation of /c-orbit polytopes remains difficult, even with the various 
restrictions placed on orbit graphs. Nevertheless, the case k = 3 proves tractable, and we 
analyze it here. 

Let P be a three-orbit ri-polytope. Corollary 13.41 tells us that G(V) has no cycles, and 
therefore we can apply Proposition 13. 5[ As a result, there are only 2 basic families of orbit 
graph: 

i i+1 

m o o 

and 

i-i 

i+1 

We shall say that a three-orbit n-polytope is in class 3i^i+i if it has the former orbit graph, 
and in class 3^ if it has the latter. In the first case, i must be between and n — 2, yielding 
n — 1 different classes; in the second case, i must be between 1 and n — 2, yielding n — 2 
more classes. In each graph, we have colored one of the nodes black to indicate our choice 
of default orbit for a base flag. We shall refer to the corresponding orbit as the black orbit. 
By applying Corollary 14. 3 [ we obtain the following result: 

Proposition 5.1. A three-orbit polytope in class 3i^i+i is j-transitive if and only if j ^ i 
and j ^ i -\- 1, and a three-orbit polytope in class 3j is j-transitive if and only if j 7^ i. In 
particular, no three-orbit polytope is fully transitive. 

We can also apply Theorem 14.71 to obtain the following: 

Proposition 5.2. If V is a three- orbit polytope in class 3j^j+i or 3j, then it has regular 
i- faces. 
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Proof. In both cases, the graph Gi{V) consists of an isolated node and two other nodes 
connected by one or two arcs. The i-faces that correspond to the isolated node have a single 
induced flag orbit, by Proposition \4A\ and so they are regular. Furthermore, Theorem 14.71 
tells us that, since the other two nodes are connected by an arc labeled 2 + 1, they must be 
identified into a single flag orbit of the corresponding i-face, and so those i-faces are regular 
too. □ 

We now investigate the automorphism group of three-orbit polytopes. Let V be an n- 
polytope in class 3j_j+i, and let $ be a base flag in the black orbit. Then is in the 
same orbit as $ for every j ^ i, and thus for each such j, there must be an automorphism 
Pj such that $pj = More generally, to any finite sequence w = {wi,W2,---,Wr) with 
< Wj < n — 1, we can associate a walk in G{V) that starts at the black node. If the 
associated walk also ends at the black node, then there is an automorphism that sends 

$ to <|)«'l'-."'r_ 

Theorem 5.3. Let V be a three-orbit n-polytope in class Sj^j+i, and let ^ be a base flag in 
the black orbit. 

(a) lfi = 0, then 

(b) Ifl<i<n-3, then 

(c) If i = n — 2, then 

Proof. First, we note that each given really is an automorphism, since in each case, the 
walk w forms a closed walk if we start at the black node. To prove that these automorphisms 
generate the group, it suffices to show that we can send $ to any other flag in the same orbit 
using only the given automorphisms. Consider another flag \l/ in the same orbit as since 
polytopes are flag-connected, we can write \l/ = (I)""! ^ and we can assume that wi ^ W2- 
If r = 1, then i (since \1/ is in the same orbit as and \E' = ^Pm^- Otherwise, suppose 
that r > 2. If we can show that \1/ = \l/'7, where \E'' = <|)'"i' - ''^r-i and 7 is one of the given 
automorphisms, then the claim will follow by induction on r. We consider several cases: 

(a) If wx ^ i, then * = {^'"^'■■■''"-)p^^. 

(b) If Wl = i and \w2 — wi\ > 2, then we can switch wi and W2 and reduce to the previous 
case. 

(c) lfwi=i and W2 = i-1, then i > 1 and ^ = ^^.^-L'^s.-.^^r = (^^i,w3,...,wr^^^.^._^^.^_ 

(d) If Wl = i, W2 = i + 1, and \ws — W2I > 2, then we can switch ws and W2, which reduces 
to one of the previous two cases. 
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(e) If wi = i, W2 = i + 1, and ^ i + 2, then i < n - 3 and = ^i,i+i,i+2,w4,...,wr ^ 

(f) If = i, ^2 = and = i, then * = ^i,i+im...,wr ^ ($M+i,«'4,...,«^.)Q;(i,i+i,i,i+i,i). 

Since every sequence (wi, . . . , w^) fits into one of the above cases (except for the singleton 
sequence (i), which cannot arise), the claim follows. □ 

A similar analysis is possible for the class 3^: 

Theorem 5.4. Let V be a three-orbit n-polytope in class 3j, and let ^ be a base flag in the 
black orbit. 

(a) If n — 3; then 

r(^) = ({PiliT^i, Oi{i,i-i,i,i-\,i)-,Oi(i,i+i,i,i+i,i))- 

(b) Ifn>4: and i — 1, then 

r(^) = {{Pjjjj^i, Oi{i,i-l,i+l,i), Q;(i,i-l,i,j-l,i), Q;(i,i+l,i,i+l,i), Q;(^,^+l,^+2,^+l,^))■ 
(c) If n> 4: and 2 < i < n — 3, then 

r('P) — {{Pj}jj^h j-2,i-i,i), Q;(i,i-i,j, Q;(i,j+i,i+2,i+i,i 

(d) If n> A and i = n — 2, then 

= ({PjL^i) «(«,«-!, <^(«,i-l,i-2,i-l,i), Q;(i,i-l,i,i-l,i)> i))" 

Proof. As before, we note that each a^, given really is an automorphism, since in each 
case, the walk w forms a closed walk if we start at the black node. To prove that these 
automorphisms generate the group, it suffices to show that we can send $ to any other flag 
in the same orbit using only the given automorphisms. Consider another flag in the same 
orbit as $; since polytopes are flag-connected, we can write ^ = (^wi,...,wr ^ g^j^j ^g^^ assume 
that Wi ^ W2. If r = 1, then w\ ^ i (since \& is in the same orbit as and \E' = ^Pw^- 
Otherwise, suppose that r > 2. If we can show that ^ = ^^'7, where = $"'i' - '"'r-i and 7 
is one of the given automorphisms, then the claim will follow by induction on r. We consider 
several cases: 

(a) If wi 7^ i, then ^ = ($"'2,...,«'r)p^^_ 

(b) If wi = i and |w2 — Wi| > 2, then we can switch wi and W2 and reduce to the previous 
case. 

(c) If wi = i, W2 = i — 1, and < i — 3 or ws > i + 2, then we can switch W2 and W3 and 
reduce to the previous case. 
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(d) If wi = i,w2 = i-l, and W3 = then ^ = $i.i-i>i+i."'4,...,t«. ^ {¥''"^'--'"-)a(^i^i^i^i+iA). 

(e) If wi =i,W2 = i-l, and W3 = i, then ^ = $i.i-i.».«'4,...,«.r = ($m-i,«,4,...,«',.)^^. 

(f ) If wi = W2 = i - 1, and W3 = i-2, then i > 2 and n > 4, and ^ = ^i,i-hi-2,wi,...,wr ^ 

(g) If Wi = 2, W2 = « + 1, and W3 < i — 1 or W3 > i + 3, then we can switch W2 and W3 and 
reduce to one of the previous cases. 

(h) If wi = i,w2 = i+l, and ^3 = i, then ^ = <|.i.i+i.i."'4,...,«'r = (<l>^'^+i'"'4v..,«'r)^^. .^^ . .^^ .^^ 

(i) If ti^i = i, W2 = + 1, and = i + 2, then i < n — 3 and n > 4, and \& = 

Since every sequence {wi, . . . ,Wr) fits into one of the above cases (except for the singleton 
sequence (i), which cannot arise), the claim follows. □ 

Let us consider an example. Let P be a p-gonal prism, with p 7^ 4. Then P is a three- 
orbit polytope in class 3 1,2, and the flags in the black orbit are those that include the lateral 
edges. By Theorem 15. 3 [ T{V) = {po, P2, C( 101, C( 12121) ■ Since the vertices of V are all 3-valent, 
the automorphism P2tti2i2i sends the base flag $ to <|)i'2:i.2,i,2 _ ^ Therefore, P2tti2i2i = 
and thus 0:12121 = P2 ^ — P25 and the automorphism 0:12121 is redundant. Further analysis 
shows that {P0P2Y = (poCHoi)^ = ^- The automorphism P2O101 rotates the prism by one face 
counterclockwise, and thus (p20ioi)^ = e. Since V has 4p flags in each flag orbit, and the 
group 

(PO, P2, Oioi I Po, P2, a?01' (P0P2)^ (pottlOl)^ (P2Oi0l)^) 

is isomorphic to the Coxeter group [2,p] of order 4p, we see that the group above is the 
whole group T(V). 

6 Conclusions 

The orbit graph of a polytope provides a convenient way to classify fc-orbit polytopes, and 
many other polytope properties follow from properties of the orbit graph. We have de- 
veloped several necessary properties for orbit graphs, and an obvious question is whether 
these properties are also sufficient. In other words, given an arc-labeled graph that satisfies 
Proposition 13.11 and Proposition 13. 2[ is there a polytope with that orbit graph? 

We were able to determine generators for the automorphism group of any three-orbit 
polytope. The arguments used can be adapted for other orbit graphs as well, but the case 
analysis becomes unwieldy. It would be helpful to have a general framework with which 
we can more easily express the automorphisms of a fc-orbit polytope. Furthermore, we 
would like to find other nice properties of these automorphism groups, in the same vein as 
the "intersection conditions" for the automorphism groups of two-orbit polytopes (see [3]). 
Finally, we would like to have a way to build a /c-orbit polytope directly from a group of the 
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appropriate type, as we can with regular polytopes (see O Ch. 2E]). Hubard has done this 
for two-orbit polyhedra in but generahzing the construction used there does not seem 
entirely straightforward. 
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